Let N g (f ) denote the number of rooted maps of genus g having f edges. An exact formula for N g (f ) is known for g = 0 (Tutte, 1963) , g = 1 (Arques, 1987), g = 2, 3 (Bender and Canfield, 1991) . In the present paper we derive an enumeration formula for the number Θ γ (e) of unrooted maps on an orientable surface S γ of a given genus γ and with a given number of edges e. It has a form of a linear combination The number Epi o (Γ, Z ) is expressed in terms of classical number-theoretical functions. The other problem is reduced to the standard enumeration problem of determining the numbers N g (f ) for some g γ and f e. It follows that Θ γ (e) can be calculated whenever the numbers N g (f ) are known for g γ and f e. In the end of the paper the above approach is applied to derive the functions Θ γ (e) explicitly for γ 3. We note that the function Θ γ (e) was known only for γ = 0 (Liskovets, 1981) . Tables containing the numbers of isomorphism classes of maps with up to 30 edges for genus γ = 1, 2, 3 are presented.
Introduction
By a map we mean a 2-cell decomposition of a compact connected surface. Enumeration of maps on surfaces has attracted a lot of attention in the last few decades. As shown in monograph [29] the enumeration problem was investigated for various classes of maps. Generally, problems of the following sort are considered: Problem 1. How many isomorphism classes of maps with a given property P and given number of edges (vertices, faces) are there?
The beginnings of the enumerative theory of maps are closely related with the enumeration of plane trees considered in 1960s by Tutte [38] and Harary et al. [16] (see [15, 28] as well). The foundations of the theory were built by Tutte in a series of "Census" papers published in years 1962-1963 [34] [35] [36] [37] . Later many other distinguished classes of maps including triangulations, outerplanar, cubic, Eulerian, non-separable, simple, loopless, two-face maps, etc. were considered. Research in these areas until year 1998 is well represented in [29] . Although there are more than 100 published papers on map enumeration, see, for instance, [5, 8, 13, 22, 27, 39, 41, 44] , most of them deal with the enumeration of rooted maps of given property. In particular, there is a lack of results on enumeration of unrooted maps of genus 1. The present paper can be viewed as an attempt to fill in this gap. A map on an orientable surface is called oriented if one of the two global orientations is specified. Isomorphisms between oriented maps preserve the chosen orientation. The problem considered in this paper reads as follows.
Problem 2. What is the number of isomorphism classes of oriented unrooted maps of given genus g and given number of edges e?
An oriented map is called rooted of one of the darts (arcs) is distinguished as a root. By a dart of a map we mean an edge endowed with one of the two possible orientations. Isomorphisms between oriented rooted maps take root onto root. A rooted variant of Problem 2 follows.
Problem 3. What is the number of isomorphism classes of oriented rooted maps of given genus g and given number of edges e?
The rooted version of the problem was first considered in 1963 by Tutte [37] for g = 0, i.e. for the planar case. A corresponding planar case of the unrooted version (Problem 2 for g = 0) was settled by Liskovets [23, 24] and Wormald [43] . An attempt to enumerate rooted maps of given genus g > 0 and given number of edges was done by Walsh and Lehman in [40, 41] . They derived an algorithm based on a recursion formula. The algorithm is applied to enumerate maps with small number of edges. An explicit formula for the number of rooted maps for g = 1 is obtained by Arquès [2] .
In 1988 Bender et al. [6] derived an explicit enumeration formula for the number of rooted maps on the torus and projective plane. Three years later [4] Bender and Canfield determined the function N g (e) of rooted maps of genus g with e edges for any genus g up to some constants. For g = 2 and g = 3 the generating functions are derived. Some refinement of these results can be found in [3] .
In the present paper we shall deal with the problem of enumeration of oriented unrooted maps with given genus and given number of edges. Inspired by a fruitful concept of an orbifold used in low-dimensional topology and in the theory of Riemann surfaces we introduce a concept of a map on an orbifold. In the present paper, by an orbifold we will mean a quotient of a surface by a finite group of automorphisms. As it will become clear later, cyclic orbifolds, that is the quotients of the type S γ /Z , where S γ is an orientable surface of genus γ surface and Z is a cyclic group of automorphisms of S γ , will play a crucial role in the enumeration problem. In order to establish an explicit enumeration formula we first derive a general counting principle which enables us to decompose the problem into two subproblems (see Theorem 3.1). First one requires an enumeration of certain epimorphisms defined on Fuchsian groups (or on F -groups) onto a cyclic group. This problem is completely solved in Section 4. The other requires enumerating rooted maps on cyclic orbifolds associated with the considered surface. Unfortunately, quotients of (ordinary) maps may have half-edges called semiedges here. In Section 5 we reduce this problem to the problem of enumeration of rooted maps without semiedges.
In order to formulate our main result we need to introduce some concepts. 
is expressed in terms of classical number-theoretical functions. In Sections 6 and 7, Theorem 1.1 is applied to derive explicit enumeration functions for γ = 0, 1, 2, 3. For γ = 0 we have confirmed the result of Liskovets [23] ; the enumeration formulas for γ = 1, 2 and 3 are original. To apply the theorem for γ > 1 one needs to determine the elements of Orb(S γ /Z ) for all admissible . Since the set of cyclic orbifolds coming from S γ can be easily determined (see Section 4), oriented unrooted maps on S γ can be enumerated using Theorem 1.1 provided that the numbers N g (n) of rooted maps are known for g γ .
Maps, coverings and orbifolds
In what follows we build a part of the theory of maps which reflects some well-known ideas from topology of low-dimensional manifolds.
Maps on surfaces. By surface we mean a connected, orientable surface without a border. A topological map is a 2-cell decomposition of a surface. Usually, maps on surfaces are described as 2-cell embeddings of connected graphs. A (combinatorial) graph is a 4-tuple (D, V , I, L), where D and V are disjoint sets of darts and vertices, respectively, I is an incidence function I : D → V assigning to each dart an initial vertex, and L is the dart-reversing involution. The edges of a graph are the orbits of L. In what follows we shall deal with the category of oriented maps, that means that one of the two global orientations of the underlying surface is fixed. A given oriented map M can be described combinatorially as a triple M = (D, R, L), where D is the set of darts (edges endowed with an orientation), L is an involutory permutation of D (called the dart-reversing involution) permuting darts sharing the same edge, and R is a permutation of D permuting cyclically (following the global orientation) for each vertex v the darts whose initial vertex is v. By the connectivity of the underlying graph the group R, L acts transitively on D. Conversely, given an abstract combinatorial map (D, R, L), where Mon(M) = R, L is a transitive group of permutations of D and L 2 = 1, we can construct an associated topological map as follows: The orbits of R, L and RL give rise to the vertices, edges and boundary walks of faces of the map, respectively, and the incidence relations between vertices, edges and faces is given by non-empty intersections of the respective sets of darts. If x is a vertex, edge or face, the degree of x is the size of the respective orbit of R, L or RL. The degree of an edge is two or one. Semiedges are edges of degree one. Maps without semiedges will be called ordinary maps. The group Mon(M) = R, L will be called a monodromy group. Given an element
. This walk can be topologically realized in the topological map associated with (D; R, L) as a curve with the initial point at x 0 and terminal point at w(R, L)(x 0 ). Thus the action of Mon(M) has a topological meaning. In fact it gives information about the action of the fundamental groupoid of the surface restricted to a certain class of curves.
Given [14, 30] ).
Signatures of maps and orbifolds associated with maps. Given regular covering ψ :
is a lift of x along ψ , will be called a branch index of x. It is a routine matter to show that a branch index is a well-defined positive integer not depending on the choice of the liftx. In some considerations, it is important to save information about branch indexes coming from some regular covering defined over a map N . This can be done by introducing a signature σ on M. A signature is a function σ : Let ψ : M → N be a regular covering and σ be a signature defined on N . We say that ψ is
The signature σ defined on N lifts along a σ -compatible regular covering 
A topological counterpart of a (combinatorial) map M with a signature σ can be established as follows. By an orbifold O we mean a surface S with a distinguished discrete set of points B assigned by integers m 1 The underlying surface of the universal cover is either a sphere or a plane, depending on whether the respective F -group is finite or infinite. In general, the universal cover of the orbifold
It is easy to see a bridge between maps with signatures and orbifolds. 
In what follows all the considered darts will be elements of these two fibres. We show that every covering transformationτ of Φ projects onto some covering transformation τ ∈ A. Choose a dart
Letτ takex →ỹ. Let x = ψ(x) and y = ψ(ỹ). By regularity of the action of A there is a unique covering transformation τ ∈ A taking x → y.
Hence the mapping ψ * :τ → τ is a group homomorphism. Since for each y ∈ ϕ −1 (x 0 ) there is a preimageỹ ∈ Φ −1 (x 0 ); it is an epimorphism.
By Theorem 2.1 N lifts to a mapÑ → N on the universal orbifold with the group of covering transformations acting regularly on a fibre over a dart x. Moreover, this group is isomorphic to π 1 (N, σ ). Thus ψ * takes π 1 (N, σ ) onto A. Furthermore, by regularity we may label darts of Φ −1 (x 0 ) by elements of π 1 (N, σ ) and darts of ϕ −1 (x 0 ) by elements of A. If ψ * is determined then the covering ψ is determined on Φ −1 (x 0 ), and consequently, the action of Mon(M) on ϕ −1 (x 0 ) is prescribed by the projection of the action of Mon(Ñ) along ψ .
The assumption that the derived signature σ ϕ is trivial forces the covering Φ :Ñ → M to be smooth. Take an element g ∈ π 1 (N, σ ) of finite order n. Then there exists an associated word w(R,L) taking a dart labelled by 1 onto a dart labelled by g. Then w j (R,L) takes 1 → g j , and in particular, w n (R,L)(1) = 1. Thus it gives rise to a closed walk inÑ . The covering ψ takes
Reconstruction of M. With the above notation, given N = (D;R,L) on an orbifoldŌ and an epimorphism ψ * : π 1 (N, σ ) → A one may ask whether there is way to reconstruct the cover M = (D; R, L) explicitly. To do this one can use the idea of ordinary voltage assignments used to describe regular covers of graphs [14] and modified in [30] to describe branched coverings of maps with branch points at vertices, faces and edges. Firstly we form a truncated map T (N) whose vertices are darts of N and whose darts are ordered pairs of the form xRx, xR −1 x and xLx. The dart-reversing involution of T (N) interchanges the pairs (xRx, (Rx)x); and (xLx, (Lx)x), while the rotation cyclically permutes (xLx, xRx, xR −1 x) for any x ∈D. We choose a spanning tree T of T (N) and define an ordinary voltage assignment ν in A on darts of T to be 1. We fix a vertex x 0 ∈D of T (N). If z is a dart of T (N) not belonging to T it creates (together with some paths of T joining x 0 to the initial and terminal vertex of z) a closed walk based at x 0 . This closed walk corresponds to some word w(R,L) which lifts to w(R,L) takingx 0 ontõ y = w(R,L)x 0 . By regularity there is a unique element h ∈ π 1 (N, σ ) such that h(x 0 ) =ỹ. We set ν(z) = ψ * (h). In this way the voltage assignment is defined at each dart of T (N). We lift T (N) using the definition of the derived graph and derived map (see [14, N, σ ) → A we get all the σ -compatible regular covers over N with the covering transformation group isomorphic to A.
A formula for counting maps of given genus
In this section we shall deal with the problem of enumeration of oriented unrooted maps of given genus γ . Recall that a map is called rooted if it has one distinguished dart x 0 called a root.
A morphism between rooted maps takes root onto root. A map is called labelled if all its darts are distinguished by some labelling. Since the automorphism group of a rooted map as well as that of a labelled map is trivial, each rooted map with n darts gives rise to (n − 1)! labelled maps. Moreover, if (M, x) and (M, y) are two rooted maps based on the same map with a dart-set D then the number of isomorphism classes for (M, x) and (M, y) is the same. We note that there is a 1-1 correspondence between isomorphism classes of rooted (and labelled) maps defined in the category of oriented maps and isomorphism classes of rooted (and labelled) maps in the category of maps on orientable surfaces as they are defined, for example in monograph [29, p. 7] .
To be more precise, we fix the set of darts D and consider different maps based on D. We want to determine the number of isomorphism classes of (unrooted) maps based on n darts and of a given genus γ . This number will be denoted by NUM γ (n). Denote by M = M(n) the set of all (labelled) maps on D of a given genus. The symmetric group S n , |D| = n, acts on M by conjugation as follows:
Then the number of orbits M/S n = NUM γ (n) and the number of orbits of the stabilizer S n−1 of a dart x 0 ∈ D is equal to the number of rooted maps:
where Hall's result, see [25, 26] , implies the following assertion: If Fix M (α) = ∅ then α is a regular permutation; that means that α can be expressed as a product of m (disjoint) cycles of the same length , say α = C 1 C 2 . . . C m , where m = n.
Thus we may reduce our investigation to regular permutations. Since all permutations with a prescribed cyclic structure are conjugate in S n , the size of sets Denote by Orb(S γ /Z ) the set of all orbifolds arising as cyclic quotients by some action of Z from a surface of genus γ and by NLM O (m) the number of labelled quotient maps for a given orbifold type O which lift onto maps on a surface of genus γ , having n = m darts.
We have proved that 
Remark 1.
The above theorem establishes a general counting principle which makes it possible to reduce the problem of enumerating of maps of given genus γ sharing a certain map property P to a problem of enumerating the rooted maps on associated cyclic orbifolds which lift to maps of genus γ sharing the property P. In this paper we are interseted in enumeration of ordinary maps of genus γ ; so P means here: no semiedges in M. Generally, by a map property we mean a property preserved by isomorphisms of unrooted maps. Checking the proof of Theorem 3.1 one can see that its proof is independent of the choice of P; hence one can apply this counting principle for more restricted families of maps such as one-face maps, loopless maps, [26] as well).
The number of epimorphisms from an F -group onto a cyclic group
As one can see from Theorem 3.1 to derive an explicit formula for the number of unrooted maps of a given genus and given number of edges one needs to deal with the numbers Epi 0 (Γ, Z ) of order-preserving epimorphisms from an F -group Γ onto a cyclic group Z . The aim of this section is to calculate these numbers.
Denote by Hom 0 (Γ, Z ) the set of order-preserving homomorphisms from the group Γ into Z . Let 1 , b 1 , . . . , a g , b g , x 1 , . . . , x r ) ∈ Z 2g+r d :
where (x, d) is the greatest common divisor of x and d (well defined in the group Z d ). Set
where E d (m 1 , . . . , m r ) is the number of solutions of the equation
Denote by μ(n), φ(n) and Φ(x, n) the Möbius, Euler and von Sterneck functions, respectively. The relationship between them is given by the formula
where (x, n) is the greatest common divisor of x and n. It was shown by Hölder that Φ(x, n) coincides with the Ramanujan sum 1 k n, (k,n)=1 exp( 
is given by the formula
Proof. Consider the polynomial
Then the number of solutions E coincide with the sum of the coefficients of P (z) whose exponents are divisible by d. Hence
We have
. . . (m 1 , m 2 , . . . , m r ) does not depend on d and we set
where m = lcm(m 1 , m 2 , . . . , m r ). Recall that the Jordan multiplicative function φ k (n) of order k can be defined as (for more information see [12, p. 199] , [20, 33] )
From the above arguments we obtain the following proposition. Proof. By (4.1) and (4.2)
. . , m r ).
By Lemma 4.1
Inserting d = d 1 m and = 1 m we get
. , m r ). 2
We note that the condition m| in the above proposition gives no principal restriction, since 1/m i ) ). Although the condition Epi 0 (π 1 (O), Z ) = 0 can be checked using Proposition 4.2, for practical use it is more convenient to employ the following result by Harvey [17] , see [7, 9] We set β(n, −1) = 0 and β(n, 0) = 1 as well.
Summarizing all the above calculations we finally get:
The following lemma significantly simplifies the computation of β(n, s).
Lemma 5.1.
Proof. By the multinomial formula [11, p . 123] we have
On the other hand,
Comparing the coefficients of x s we get the result. 
with the convention that N g (n) = 0 if n is not an integer.
Counting unrooted maps on the sphere
In this section we apply the above results to calculate the number of unrooted maps with given number of edges on the sphere. These numbers were derived by Liskovets in [23, 24] . 
and
Now we are ready to apply our formula to express the number of ordinary unrooted maps on the sphere with e edges in terms of the Tutte numbers N 0 (e) denoting the number of rooted ordinary maps with e edges on the sphere [37] .
We distinguish two cases.
Case 1. The number of edges e is even. Note that n = 2e and n ≡ 0 mod 4. We have
Writing the terms for = 1 and = 2 separately and using the fact that given > 1 there is only one 0-admissible orbifold, namely
we rewrite it as follows:
Setting d = e we have
where e is an even number.
Assume now that n ≡ 2 mod 4. Then extracting the first two terms from the sum and inserting n = 2e we get
All the conditions in the sum are satisfied if and only if m = 2d for some d|e. Hence we have
for e odd. Hence we have proved the following result of Liskovets [23] . Recall that N 0 (e) denotes the number of rooted planar maps with e edges and is given by N 0 (e) = 2(2e)!3 e e!(e+2)! (Tutte [37] ). 
Counting unrooted maps on surfaces of genus 1, 2 and 3
The aim of this section is to derive a more explicit formula for counting unrooted maps on surfaces of genera 1, 2 and 3. The list of 1-admissible orbifolds and the respective numbers Epi o (π 1 (O), Z ) were derived in Theorem 4.5. Rooted toroidal maps were enumerated in [2] . It was proved that for m even. Let us remark that the initial values confirm the available data for e 6 obtained by Walsh [41] (the sequence M4253 in [32] ).
The statements establishing Θ γ (e) for genus two and genus three surfaces follow. 
